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Abstract
The study of graphs associated with of various algebraic structures is an emerg-
ing topic in algebraic graph theory. Recently, the concept of nonzero component
graph of a finite dimensional vector space Γ(V) was put forward by Das [5]. In
this paper, we study some degree based topological indices over Γ(V) the derived
graphs of Γ(V).
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1 Introduction
iBy a graph G = (V,E), we imean a isimple igraph with ivertex set V and iedge set E. If
all the ivertices of G are ipairwise iadjacent, ithen G is isaid to ibe icomplete. We use Kn
to idenote ithe icomplete igraph iwith n ivertices. The idegree iof a ivertex v, is idenoted
by degG(v) and is idefined as degG(v) = |{u \ uv ∈ E(G)}| and v is isaid to ibe ifull
idegree ivertex if degG(v) = n−1. The iminimum(maximum) idegree of G is idenoted by
δ(G)(∆(G)). A igraph iis ir−regular iif iand ionly iif δ(G) = r = ∆(G). iThe isubdivision
igraph S(G) iof ia igraph iG iis iobtained iby ireplacing ieach iedge iby ia ivertex iof idegree
itwo. iThe iline igraph iof ia igraph G iis idenoted iby L(G), iwhere V (L(G)) = E(G) iand
itwo ivertices iof L(G) iare iadjacent iif ithe icorresponding iedges iof iG iare iincident.
iThe ivertex-semitotal graph [15] is idenoted iby T1(G), iwhere V (T1(G)) = V (G)∪E(G)
and E(T1(G)) = E(S(G))∪E(G). iThe iedge-semitotal igraph [15] iis idenoted iby T2(G),
iwhere V (T2(G)) = V (G) ∪ E(G) and E(T2(G)) = E(S(G)) ∪ E(L(G)). iThe ipara-
line graph PL(G) is ithe iline igraph iof isubdivision igraph G [11–14]. iFor iundefined
iterminology irefer [8].
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iIn ichemical igraph itheory iand imathematical ichemistry, a itopological iindex ialso
iknown ias ia iconnectivity iindex iis ia itype iof ia imolecular idescriptor ithat iis icalculated
ibased ion ithe imolecular igraph iof ia ichemical icompound. iThe ioldest iand ibest
iknown itopological iindices iare ithe ifirst iZagreb iindexM1(G) iand ithe isecond iZagreb
iindex M2(G) [7] iof ia igraph G iand ithey iare idefined ias:
M1(G) =
n∑
i=1
degG(vi)
2 =
∑
uv∈E(G)
degG(u) + degG(v) (1)
M2(G) =
∑
uv∈E(G)
degG(u)degG(v) (2)
iThe iZagreb icoindices [3] iare idefined ias:
M1(G) =
∑
uv/∈E(G)
degG(u) + degG(v) (3)
M2(G) =
∑
uv/∈E(G)
degG(u)degG(v) (4)
iThe iforgotten itopological iindex iput iforward iby iFurtula iand iGutamn [5] iwhich
iis idefined ias:
F (G) =
n∑
i=1
degG(vi)
3 =
∑
uv∈E(G)
degG(u)
2 + degG(v)
2 (5)
iFor ithe imathematical istudies iand ichemical iapplications ion ithe iZagreb iindices
iand iforgotten iindex isee [6, 9, 10] iand ithe ireferences icited i therein.
1.1 iNon-Zero iComponent iGraph iof ia iVector iSpace
iThe istudy iof igraphs iassociated iwith iof ivarious ialgebraic istructures iwas iinitiated
iby iBeck [4] who iintroduced ithe iidea iof izero idivisor igraph iof ia icommutative iring
iwith iunity. iThis imotivated ithe istudy iof ithe irelationship ibetween ialgebra iand
igraph itheory. iRecently, iDas [1] iput iforward ithe iconcept iof inon-zero icomponent
igraph iof iai ifinite idimensional ivector ispace iwhich is idefined ias ifollows:
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Definition 1. iLet V ibe ia ivector ispace iover ifield F iwith {α1, α2, α3, · · · , αn} ias
ia ibasis iand θ ias i ithe inull ivector. iThen iany ivector a ∈ V ican ibe iexpressed
iuniquely ias ia ilinear icombination iof ithe iform a = a1α1 + a2α2 + a3α3 + · · ·+ anαn.
iWe idenote ithis irepresentation iof a ias iits ibasic irepresentation iwith irespect ito
{α1, α2, α3, · · · , αn}. iWe idefine ia igraph Γ(Vα) = (V,E) iwith irespect ito {α1, α2, α3, · · · , αn}
ias ifollows: V = V \ θ and for a, b ∈ V , ab ∈ E(G) if a and b ishares iat ileast ione αi
iwith inonzero icoefficient iin itheir ibasic irepresentation, i.e., ithere iexists iat ileast ione
αi ialong iwhich iboth a and b ihave inonzero icomponents. iUnless iotherwise imentioned,
iwe itake ithe ibasis ion iwhich ithe igraph iis iconstructed ias {α1, α2, α3, · · · , αn}.
iThe inon-zero icomponent igraph iof ia ivector ispace iover ifield F = Z2 iwhich iis
idepicted iin iFig 1.
b
b b
b b
b
b
α1 + α2 + α3
α1
α2
α3
α1 + α2 α1 + α3 α2 + α3
Fig.1: The non-zero component graph of a vector space over field F = Z2
Γ(V) :
iThroughout ithis ipaper iwe iconsider ionly ifinite ifields. iFor iother iproperties iof
Γ(V) isee [2, 16].
2 Results
Observation 1. [2] iLet V ibe ia ivector ispace iover ia ifinite ifield F iwith q ielements.
iThen
1. V (Γ(V)) = qn − 1 and
2. E(Γ(V)) = q
2n
−qn+1−(2q−1)n
2
iThe ifollowing ifacts iare iproved iin [6].
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Fact 1. iM1(G) = iM1(G) + in(n− 1)
2 − i4m(n− 1)
Fact 2. iM1(G) = i2m(n− 1)− iM1(G)
Fact 3. iM1(G) = i2m(n− 1)− iM1(G) = iM1(G)
Fact 4. iM1(G) = iM1(G) iequality iholds iif iand ionly iif m =
1
2
(
n
2
)
.
Theorem 2. iLet V ibe ia ivector ispace iover ia ifinite ifield F iwith q ielements iand
Γ(V) ibe iits iassociated igraph iwith irespect ito ia basis {α1, α2, α3, · · · , αn}. Then
M1(Γ(V)) = (q
n − 1)4 + (q(q + 1)− 1)n − q2n − 2(qn − 1)(qn − (2q − 1)n)
Proof. iThe iorder iof inonzero icomponent igraph V (Γ(V)) is qn−1. iThe idegree iof ithe
ivertex c1αi1+ c2αi2+ c3αi3+ · · ·+ ckαik, where c1c2c3 · · · ck 6= 0 is (q
k− 1)qn−k− 1. Now
there are
(
n
k
)
(q − 1)k ivectors iwith iexactly k imany α′is iin iits ibasic irepresentation.
iTherefore,
M1(Γ(V)) =
n∑
i=1
deg(vi)
2
=
n∑
i=1
(
n
2
)
(q − 1)k
[
(qk − 1)qn−k − 1]2
=
n∑
i=1
(
n
2
)
(q − 1)k
[
(qn − 1)− qn−k
]2
=
n∑
i=1
(
n
2
)
(q − 1)k
[
(qn − 1)
]2
+
n∑
i=1
(
n
2
)
(q − 1)k
[
q2
]n−k
− 2
n∑
i=1
(
n
2
)
(q − 1)k(qn − 1)
[
q
]n−k
= (qn − 1)2
n∑
i=1
(
n
2
)
(q − 1)k +
n∑
i=1
(
n
2
)
(q − 1)k
[
q2
]n−k
− 2(qn − 1)
n∑
i=1
(
n
2
)
(q − 1)k
[
q
]n−k
= (qn − 1)2(qn − 1)2 + (q2 + q − 1)n − q2n − 2(qn − 1)(qn − (2q − 1)n)
= (qn − 1)4 + (q(q + 1)− 1)n − q2n − 2(qn − 1)(qn − (2q − 1)n)
as desired.
Corollary 3. iLet V ibe ia ivector ispace iover ia ifinite ifield F iwith q ielements. iThen
M1(Γ(V)) = (q
n − 2)(q2n − qn + 1− (2q − 1)n) + 2(qn − 1)(qn − (2q − 1)n)
+ q2n − (q(q + 1)− 1)n − (qn − 1)4.
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Proof. Follows from Observation 1, Fact 2 and Theorem 2.
Theorem 4. iLet V ibe ia ivector ispace iover ia ifinite ifield F iwith q ielements. iThen
M1(Γ(V)) = (q
n − 1)4 + (q(q + 1)− 1)n + (qn − 1)(qn − 2)2 − 2(qn − 1)(qn − (2q − 1)n)
− (qn − 2)(q2n − qn + 1− (2q − 1)n)− q2n.
Proof. Follows from Observation 1, Fact 1 and Theorem 2.
Corollary 5. iLet V ibe ia ivector ispace iover ia ifinite ifield F iwith q ielements. iThen
M1(Γ(V)) = M1(Γ(V))
if and only if m = (q
n
−1)(qn−2)
4
.
Proof. Follows from Fact 4 and Theorem 2.
Theorem 6. iLet V ibe ia ivector ispace iover ia ifinite ifield F iwith q ielements iand
Γ(V) ibe iits iassociated igraph iwith irespect ito ia ibasis {α1, α2, α3, · · · , αn}. Then
F (Γ(V)) = (qn − 1)5 + q3n + 3(qn − 1)[(q(q + 1)− 1)n − q2n]
− 3(qn − 1)2[qn − (2q − 1)n]− (q(q2 + 1)− 1)n.
Proof. The degree of the vertex c1αi1+ c2αi2+ c3αi3+ · · ·+ ckαik, where c1c2c3 · · · ck 6= 0
of nonzero component graph V (Γ(V)) is (qk − 1)qn−k − 1. Now there are
(
n
k
)
(q − 1)k
vectors with exactly k many α′is in its basic representation. Therefore,
F (Γ(V)) =
n∑
i=1
deg(vi)
3
=
n∑
i=1
(
n
2
)
(q − 1)k
[
(qk − 1)qn−k − 1]3
=
n∑
i=1
(
n
2
)
(q − 1)k
[
(qn − 1)− qn−k
]3
= (qn − 1)3
n∑
i=1
(
n
2
)
(q − 1)k −
n∑
i=1
(
n
2
)
(q − 1)kq3(n−k)
− 3(qn − 1)2
n∑
i=1
(
n
2
)
(q − 1)kqn−k + 3(qn − 1)
n∑
i=1
(
n
2
)
(q − 1)kq2(n−k)
= (qn − 1)3(qn − 1)2 − (q3 + q − 1)n + q3n − 3(qn − 1)2(qn − (2q − 1)n)
+ 3(qn − 1)[(q2 + q − 1)n − q2n],
as desired.
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2.1 Line graph of Γ(V)
Observation 7. iThe iorder iand isize iof ithe iline igraph iof Γ(V) is
V (L(Γ(V))) =
q2n − qn + 1− (2q − 1)n
2
E(L(Γ(V))) =
1
2
[
(qn − 1)4 + (q(q + 1)− 1)n + (2q − 1)n + qn − 2q2n
− 2(qn − 1)(qn − (2q − 1)n)− 1
]
Theorem 8. iLet V ibe ia ivector ispace iover ia ifinite ifield F iwith q ielements iand
Γ(V) ibe iits iassociated igraph iwith irespect ito ia ibasis {α1, α2, α3, · · · , αn}. Then
M1(L(Γ(V))) = 2M2(Γ(V)) + (q
n − 1)5 + qn(q2n + qn − 1) + 3(qn − 1)[(q(q + 1)− 1)n − q2n]
− 3(qn − 1)2(qn − (2q − 1)n)− (q(q2 + 1)− 1)n − (2q − 1)n
− 4
[
(qn − 1)4 + (q(q + 1)− 1)n − 2(qn − 1)(qn − (2q − 1)n)− q2n
]
+ 1.
Proof. iLet L(Γ(V)) ibe ithe iline igraph iof ithe inonzero icomponent igraph iof ia ifinite
idimensional ivector ispace iover ia ifield F with q elements. Now,
M1(L(Γ(V))) =
∑
uv∈E(Γ(V))
(deg
Γ(V)
(u) + deg
Γ(V)
(v)− 2)2
= F (Γ(V)) + 2M2(Γ(V))− 4M1(Γ(V)) + 4E(Γ(V)).
Thus, the result follows from Observation 1, Theorem 2 and Theorem 6.
2.2 Subdivision graph of Γ(V)
Observation 9. iThe iorder iand isize iof ithe isubdivison igraph iof Γ(V) is
V (S(Γ(V))) =
qn(qn + 1)− (2q − 1)n − 1
2
E(S(Γ(V))) = qn(qn − 1)− (2q − 1)n + 1
Theorem 10. iLet V ibe ia ivector ispace iover ia ifinite ifield F iwith q ielements iand
Γ(V) ibe iits iassociated igraph iwith irespect ito ia ibasis {α1, α2, α3, · · · , αn}. Then
M1(S(Γ(V))) = (q
n − 1)4 + (q(q + 1)− 1)n − 2(qn − 1)(qn − (2q − 1)n)− (2q − 1)n − qn + 1.
6
Proof. iLet S(Γ(V)) ibe ithe isubdivision igraph iof ithe inonzero icomponent igraph iof
ia ifinite idimensional ivector ispace iover ia ifield F iwith q elements. Now,
M1(S(Γ(V))) =
∑
u∈V (S(Γ(V)))
deg
S(Γ(V))
(u)2
= M1(Γ(V)) + 4E(Γ(V))
Thus, the result follows from Observation 1 and Theorem 2.
2.3 Vertex-Semitotal graph of Γ(V)
Observation 11. iThe iorder iand isize iof ithe ivertex-semitotal igraph iof Γ(V) is
V (T1(Γ(V))) =
qn(qn + 1)− (2q − 1)n − 1
2
E(T1(Γ(V))) =
3[qn(qn + 1)− (2q − 1)n − 1]
2
Theorem 12. iLet V ibe ia ivector ispace iover ia ifinite ifield F iwith q ielements iand
Γ(V) ibe iits iassociated igraph iwith irespect ito ia ibasis {α1, α2, α3, · · · , αn}. Then
M1(T1(Γ(V))) = 4[(q
n − 1)4 + (q(q + 1)− 1)n − 2(qn − 1)(qn − (2q − 1)n)− q2n]
+ qn(qn − 1)− (2q − 1)n + 1.
Proof. iLet T1(Γ(V)) ibe ithe ivertex-semitotal igraph iof ithe inonzero icomponent igraph
iof ia ifinite idimensional ivector ispace iover iia ifield F with q elements. Now,
M1(T1(Γ(V))) =
∑
u∈V (T1(Γ(V)))
deg
T1(Γ(V))
(u)2
= 4M1(Γ(V)) + 4E(Γ(V))
Thus, the result follows from Observation 1 and Theorem 2.
2.4 Edge-Semitotal graph of Γ(V)
Observation 13. iThe iorder iand isize iof ithe iedge-semitotal igraph iof Γ(V) is
V (T2(Γ(V))) =
qn(qn + 1)− (2q − 1)n − 1
2
E(T2(Γ(V))) =
1
2
[
(qn − 1)4 + (q(q + 1)− 1)n − 2(qn − 1)(qn − (2q − 1)n)− (2q − 1)n − qn + 1
]
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Theorem 14. iLet V ibe ia ivector ispace iover ia ifinite ifield F iwith q ielements iand
Γ(V) ibe iits iassociated igraph iwith irespect ito ia ibasis {α1, α2, α3, · · · , αn}. Then
M1(T2(Γ(V))) = 2M2(Γ(V)) + q
n(qn − 1) + q2n(qn − 1) + (q(q + 1)− 1)n
− (qn − 1)(qn − (2q − 1)n)(3qn − 1) + 3(qn − 1)[(q(q + 1)− 1)n − q2n]
− (q(q2 + 1)− 1)n.
Proof. iLet iT2(Γ(V)) ibe ithe iedge-semitotal igraph iof ithe inonzero icomponent igraph
iof ia ifinite idimensional ivector ispace iover ia ifield F with q elements. Now,
M1(T2(Γ(V))) =
∑
u∈V (T2(Γ(V)))
deg
T2(Γ(V))
(u)2
= 2M2(Γ(V)) + F (Γ(V)) +M1(Γ(V))
Thus, the result follows from Theorem 2 and Theorem 6.
2.5 Para-line graph of Γ(V)
Observation 15. iThe iorder iand isize iof ithe ipara-line igraph iof Γ(V) is
V (PL(Γ(V))) = qn(qn + 1)− (2q − 1)n − 1.
E(PL(Γ(V))) =
1
2
[
(qn − 1)4 + (q(q + 1)− 1)n − q2n − 2(qn − 1)(qn − (2q − 1)n)
]
Theorem 16. iLet V ibe ia ivector ispace iover ia ifinite ifield F iwith q ielements iand
Γ(V) ibe iits iassociated igraph iwith irespect ito ia ibasis {α1, α2, α3, · · · , αn}. Then
M1(PL(Γ(V))) = (q
n − 1)5 + q3n + 3(qn − 1)[(q(q + 1)− 1)n − q2n]
− 3(qn − 1)2[qn − (2q − 1)n]− (q(q2 + 1)− 1)n.
Proof. iLet PL(Γ(V)) ibe ithe ipara-line igraph iof ithe inonzero icomponent igraph iof
ia ifinite idimensional ivector ispace iover ia ifield F with q elements. Now,
M1(PL(Γ(V))) =
∑
u∈V (PL(Γ(V)))
deg
PL(Γ(V))
(u)2
= F (Γ(V))
Thus, the result follow from Theorem 6.
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Note: By using Facts 1 to 4 and the information present in Observation 7, 9, 11, 13 and
15 one can deduce the relationship between the first Zagreb coindex and the first Zagreb
index of these derived graphs. Further, the first Zagreb index of complements of these
derived graphs can be obtained.
Conclusion: In this paper we have studied the Zagreb indices and coindices of Γ(V).
Further, we have obtained an explicit formulae for the forgotten index of Γ(V). There
are numerously many parameters have been studied in chemical graph theory, one can
study Γ(V) by using different parameters.
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